The Luneburg lens is a radially graded index refracting structure that forms geometrical images of two given concentric spheres on each other. This remarkable property of the Luneburg lens makes it very attractive for various domains of frequency and applications. However, its continuous gradient index is difficult to realize in practice. Herein, we propose the use of graded photonic crystals to attain the radially graded index of the Luneburg lens and show that graded photonic crystals with fitted gradient of filling factor exhibit the properties of the Luneburg lens.
Introduction
The Luneburg lens is a variable-index, spherically symmetric refracting structure which has the remarkable property of forming perfect geometrical images of two given concentric spheres on each other [1] - [4] . This lens may have two external foci or one external focus and one internal focus. If one of the spheres is of infinite radius, the lens will focus a parallel beam of rays from any direction exactly at a point on the other sphere, or it will collimate into a perfectly parallel beam, rays coming from a point source located on the focal sphere. Due to the symmetry of the Luneburg lens, focusing and collimating are independent of the incident direction. In most applications, one focus is on the surface of the lens, while the other is at infinity. Therefore, the Luneburg lens focuses parallel rays incident on the spherical surface on a point on the opposite side of the lens, or it collimates the rays issued from a point source located anywhere on its surface into a plane wave emerging from the opposite side, namely, it allows for beam steering. Thus, by moving a feed over the surface of a fixed Luneburg lens, a pencil beam is produced which can be scanned over all directions of space [3] , [5] . The Luneburg lens is de facto suitable for tracking lens antennas and radars systems. Indeed, combined with horn feed, Luneburg lenses have been primarily applied as high-gain radio antennas [5] , [6] . In the optical domain, it has been shown that the index profile of the Luneburg lens has sufficient accuracy to provide diffraction-limited performance at optical wavelengths and that this lens may be utilized in integrated optics [7] , [8] . The Luneburg lens has been proposed for the connection of photonic chips to fibers [9] in future optical communication networks at telecommunication wavelengths (1.55 m). It has also been fabricated and tested as the building block of compact Fourier optics on chip, also at telecommunication wavelengths [10] .
In practice, a structure with a continuous gradient of refractive index is difficult to fabricate. Concretely, it is approximated by a stepped one [6] , [11] - [14] , that is, the continuously varying index of refraction is discretized by concentric multi shells of different refractive indices. Herein, we propose to attain the radially graded refractive index of Luneburg lens by the means of the gradient of filling factor of graded photonic crystals (GPCs). Since GPCs may be fabricated by various processes, including nanolithography, they can be designed and fabricated from the microwave range to the optical domain. Besides, gradient index optics, which includes the Luneburg lens, is undergoing a renewal [15] . It offers many degrees of freedom for optical design, the designed optical systems being enabled by new materials and fabrication techniques.
When one focal point is at infinity, and the second is on the surface of the Luneburg lens, where the lens is supposedly in a vacuum, its refractive index distribution in [1] and [2] is shown as
where r is the radial distance within the lens region, and R is the radius of the lens. Its refractive index therefore varies from nð0Þ ¼ ffiffiffi 2 p to nðRÞ ¼ 1, and it does not depend on the other coordinates.
In this paper, we report on the design and the numerical simulations of two 2-D GPC-based Luneburg lenses (one for the TM polarization and the other for the TE polarization). We report on their optical properties, namely, focusing, collimating, and dispersion.
Graded Photonic Crystals
The artificial electromagnetic structures that are photonic crystals (PC) have been firstly used for their photonic band gaps which allow to confine light. Waveguides and cavities have been thereby designed and fabricated [16] . The band gaps result from the periodicity of the dielectric constant of the PC whose relation of dispersion ! ¼ !ðk Þ is in the form of a band structure. Beyond these photonic bandgaps are the dispersive properties of PC. Indeed, photonic crystals permit controlling the flow of the EM field via the shape of their photonic bands which relates the group velocity v g to the wave vector k , according to the relation [17] 
Therefore, the wave vector k is perpendicular to the isofrequency curves (IFC) which represent the relation of dispersion ! ¼ !ðk Þ at a given frequency. Moreover, the sign of the group velocity v g depends on the curvature of the band structure at the operating frequency. IFCs may have a great variety of shapes. If these are circular shapes (whatever may be the photonic band), the PC can be assumed as a homogeneous isotropic medium and an effective index n eff may be defined [17] . On their part, GPCs rely on a small variation of one of the parameters of the elementary cell, such as the lattice period or the filling factor, over one period of the lattice of the PC [18] . As this variation is small over the elementary cell of the PC, the dispersive properties of GPCs can be deduced from that of PCs. This small variation thus gradually modifies the dispersive properties. Consequently, engineering the IFCs allows to truly control the direction of the wave vector k . GPCs have been, therefore, an advance in controlling the propagation of the EM field [18] , [19] since they have demonstrated their ability to curve the flow of light [20] . Quasi-transparency, demultiplexing, focusing, coupling, mode conversion, or the mimicking of a natural structured material are the phenomena which have also been demonstrated by the means of GPCs [21] - [32] .
In this paper, the considered structure is derived from PCs whose dispersive properties make them analogous to Linear, Homogenous, Isotropic (LHI) media, and their elementary cell is square. From a gradient applied to this elementary cell, the GPC ensues. To design this one, the filling factor is varied (not the lattice period as in [18] , [20] , and [24] ), and each elementary cell of the GPC is square and not rectangular. At the operating frequency, the dispersion relation at the scale of the elementary cell corresponds to a circle. Consequently, it is possible to consider that at this scale, the GPC almost behaves as a homogeneous and isotropic medium.
Design of Luneburg lens Using 2-D Graded Photonic Crystals
Herein, we numerically studied a 2-D Luneburg lens [3] , [5] , [7] , [11] , [33] , namely, a circular cylindrical GPC of radius R. Thus, focusing and collimating occur in the plane of the section of this cylinder. We attain the 2-D radially graded index of the Luneburg lens by the means of the gradient of the effective index n eff of a GPC which results from its gradient of filling factor . The method of design consists in the engineering of the IFCs of the GPC. A first lens was simulated by assuming a transverse magnetic (TM) polarization, the electric field being parallel to the axis of the cylinders. Then, a second one was by assuming a transverse electric (TE) polarization, the magnetic field being parallel to the axis of the cylinders. Since the method of design is the same for both cases of polarization, we only describe it in the TM case.
For the purpose of the demonstration in the microwave frequency range, we studied a 2D GPC made of circular dielectric cylinders ð r ¼ 8:9Þ arranged in a square lattice embedded in vacuum ð r ¼ 1Þ. The structure has been designed for applications around 9 GHz. The filling factor is given by [27] , [34] 
where D is the diameter of the constitutive dielectric cylinders, and a is the period of the square lattice. Designing the GPC, the diameter D has been varied from D ¼ 0:14a to D ¼ 0:64a, whereas the lattice period was constant a ¼ 7 mm. We calculated the band structure and IFCs for several values of the filling factor via a "home made" finite difference time domain (FDTD) source code [27] - [29] , [34] , [35] , which describes the elementary cell with periodic boundaries conditions [36] . Extremal band structures are reported in Fig. 1 , corresponding to the smallest diameter of the cylinders and to the greatest diameter of the cylinders. At the interface of the PC with vacuum, the tangential component of the wave vector k is continuous. Hence, the effective index n eff can be calculated from the ratio of the radius of the Fig. 1 . Band structures of two 2-D dielectric PCs made of circular cylinders arranged in a square lattice with lattice constant a ¼ 7 mm. The diameter of the cylinders of each PC is constant. For the blue curve, the diameter of the cylinders is that of the smallest cylinders ðD ¼ 0:14 Â aÞ of the GPC, while for the red one, the diameter of the cylinders is that of the greatest cylinders ðD ¼ 0:64 Â aÞ. The incident electric field is parallel to the axis of the cylinders (TM polarization). The horizontal dashed line indicates the operating normalized frequency a= ¼ 0: 21. IFC to that of the relation of dispersion of the vacuum, the latter being generally called the "light cone." Ten IFCs corresponding to various filling factors and one for the vacuum are shown in Fig. 2 for TM polarization.
1 Thereby, we deduced a "calibration curve," that is, the variation of the effective index n eff with the filling factor : The former increases with the latter [27] , [28] (cf. Fig. 3 ). Thanks to this relation n eff ¼ n eff ðÞ, we extrapolated the different diameters of the constitutive cylinders of the GPC which decrease from the center toward the edges. Indeed, the effective index n eff increases with the diameter D of the cylinders. The relevant values of r =a to design the Luneburg lens are in 0:042 G r =a G 0:18. If r =a > 0:35, the iso-frequency curves are no longer circular. A sketch of the whole structure is reported in Fig. 4 . It can be seen that the gradient of filling factor depends on the radial r and polar coordinates. However, the refractive index nðr Þ of the Luneburg lens only depends on the radial coordinate r because the relation of dispersion of the PC yields circular iso-frequency curves. Fig. 2 . Ten isofrequency curves (TM polarization) for increasing filling factor and one for the vacuum (black curve), the latter being referred to as the "light cone." Each of these curves is nearly circular. The filling factor varies from ¼ 15: 4 10 À3 to ¼ 322 10 À3 . The operating normalized frequency is a= ¼ 0:21. 1 The discretization of the constitutive circular rods by the square mesh which is used in the FDTD method may bring about approximations in the simulations. The circular rods are discretized by the FDTD square mesh cells, which is an approximation. The size of the mesh cells is constant Áx ¼ 0:07 mm. The diameter of the rods is varying, and therefore, the largest rods are discretized by more cells ð32Áx Þ than the smallest ones ð7Áx Þ. The latter are therefore less discretized. It should be noticed that the method of calculation of the effective index n eff from the radius of the IFCs applies to any photonic band having a positive or a negative curvature. It only requires the IFCs to be circular at the operating frequency, the GPC being dielectric or metallic [27] - [29] , [34] , [35] . It does not depend on the normalized frequency a=, and it applies to different domains of frequency, e.g., optical domain. Therefore, this calculation method is of a more general use that the effective medium theory used in [26] , [37] . For example, we used this method to design a metallic GPC at the normalized frequency a= ¼ 0:48 [27] , i.e. ' 2a, for which the effective medium theory does not pertain. Besides, it should also be noticed that the operating frequency domain of our structure could be changed by keeping the ratio a= the same.
Simulations in Transverse Magnetic Polarization
Hence, we simulated the whole structure via our FDTD source code which involves perfectly matched layer boundaries conditions and the Total Field/Scattered Field method [36] . The modeled Luneburg lens is placed in air and its radius is R ¼ 10 cm, i.e. R ¼ 3. Simulations were firstly carried out at 9 GHz (normalized frequency a= ¼ 0:21) with an incident plane wave whose polarization was TM. The results of the simulations are reported in Fig. 5 and the map of the mean value of the square of the electric field E 2 z highlights that the focus spot is on the surface of the Luneburg lens on the opposite side. Then, we considered the case of a point source located on the surface of the Luneburg lens, and the results of the simulation are reported in Fig. 6 . The wave propagates along the ÀÀX direction of the GPC, then along direction ÀÀM and is collimated when emerging from the lens. Moreover it transversely extends to the diameter of the lens in both cases, namely, the emerging beam is parallel within the aperture of the Luneburg lens. Beyond this aperture, the wave fronts are not anymore plane, so the corresponding wave vectors are not parallel; moreover the amplitude of the Ez component of the field is much weaker. The system point source plus Luneburg lens therefore emits a pencil beam which can be steered by moving the point source onto the surface of the Luneburg lens.
Although the lens has been designed from the IFCs at 9 GHz, we have studied its dispersive property, that is, its focusing property for different frequencies of the incident wave. Indeed, the radii of the IFCs vary with frequency, and so does the effective index n eff . The focal length consequently depends on the frequency. The corresponding maps of square of the electric field E 2 z at 7, 8 and 10 GHz are reported in Fig. 7 . These results highlight that the designed Luneburg lens still focuses the incident TM plane on the surface at the considered frequencies. These FDTD mesh. 2 However, it shows that the designed GPC Luneburg lens exhibits focusing properties close to the diffraction-limit performance.
Design and Simulations in Transverse Electric Polarization
Once the TM GPC-based Luneburg lens designed, we design a second GPC-based Luneburg lens for TE polarization. The method of design is the same and the simulation were similarly carried out. We first calculated the band structure and the IFCs. Extremal band structures and IFCs are reported in Figs. 9 and 10. They differ from that of the TM polarization case. The corresponding smallest diameter and greatest diameter are D ¼ 0:10a and D ¼ 0:70a, respectively. The operating normalized frequency is also a= ¼ 0:21.
Then, we simulated the whole new structure by the means of our FDTD code, in the case of TE polarization this time. On the one hand, we simulated the focusing properties of the Fig. 9 . Band structures of two 2-D dielectric PCs made of circular cylinders arranged in a square lattice with lattice constant a ¼ 7 mm. The diameter of the cylinders of each PC is constant. For the blue curve, the diameter of the cylinders is that of the smallest cylinders ðD ¼ 0:10 Â aÞ of the GPC, while for the red one, the diameter of the cylinders is that of the greatest cylinders ðD ¼ 0:70 Â aÞ. The incident magnetic field is parallel to the axis of the cylinders (TE polarization). The horizontal dashed line indicates the operating normalized frequency (also a= ¼ 0:21Þ. Fig. 10 . Nine isofrequency curves (TE polarization) for increasing filling factor and that of the vacuum (black curve), the latter being referred to as the "light cone." Each of these curves is nearly circular. The filling factor varies from ¼ 7:85 10 À3 to ¼ 385 10 À3 . The operating normalized frequency is a= ¼ 0:21.
Luneburg lens. In the other, we simulated the propagation of a wave issued from a point source located on the surface of the Luneburg lens. The results about focusing are reported in Fig. 11 . Then, we also studied the dispersion of the Luneburg lens in the case of TE polarization. The results are reported in Fig. 12 . It can be seen that the Luneburg lens still focuses the incident TE plane wave at the considered frequencies of 8, 10 and 11 GHz since the corresponding profiles are also shaped as Airy's pattern. 3 The FWHM decreases with the frequency from FWHM ¼ 0:414 to 0.400. These values are also below the diffraction limit, which we also ascribed to the FDTD mesh. 4 
Conclusion
We designed a GPC whose fitted gradient of filling factor achieves the optical properties of the Luneburg lens. One of the foci is on the surface of the GPC, while the other is at infinity. Consequently, on the one hand, this GPC focuses an incident parallel beam on its surface, and on the other hand, it collimates the rays issued from a point source located onto its surface into a parallel beam. The gradient of filling factor has been fitted by engineering the IFCs of the GPC, and it avoids the stepped index usually used to approximate the continuous graded index of Fig. 12 . Shape of the mean value of the square of the magnetic field ðH 2 z Þ in the focal plane at four frequencies 8, 9, 10, and 11 GHz (TE case). The FWHM is ' 0:41. Fig. 11 . Map of the mean value of the square of the magnetic field H 2 z of an incident TE plane wave at f ¼ 9 GHz on the Luneburg lens. The focus spot is on the surface of the Luneburg lens on the opposite side of the incident plane wave which propagates along the x direction. 3 Some results about collimation and dispersion in TE polarization are reported in the supplementary material. 4 cf. footnote 1. the Luneburg lens. Moreover, since GPCs may be fabricated by various processes, including nanolithography, they can be designed and fabricated from microwave range to the optical domain.
